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Optimal estimation:
Maximum likelihood and
Bayesian estimation.
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Estimation theory provides a theoretical framework for inference.

In this lecture, we will learn:

* Maximum-likelihood (ML) estimation
* Cramer-Rao’s lower bound

* Bayesian estimation

* Wiener filter

e Kalman filter

e Kalman smoother

* Causal inference

* Information integration

e Postdiction




Classical estimation (point) and Bayesian estimation (density).
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Maximume-likelihood (ML) estimation.

sample space X parameter space ©

N

Oy (x) =argmax P(x|0)
0

= argmax log P (x| 0)
0

ML is ...
* Asymptotically unbiased (i.e., approaches to a true value).
* Asymptotically efficient (i.e., achieves minimum variance, CRLB).




Maximume-likelihood (ML) estimation.

sample space X parameter space ®




Kullback-Leibler divergence: a distance between two density functions.

KL divergence for discrete variable
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ML as a minimization of KL divergence.

KL divergence between true density p(x) and parametrized density g(x|0):

DKL[p (x|¢9 jdxp log p(x)

q(x0)

=K [log p (x)] ~-E [log q(x| 6’)]

Minimization of KL divergence Dy | p(x);q(x16)]

4mmmmm)  \aximization of E[logg(x|0)]

Sampling approximation:

E[logq(xw):' :%ilogq(xi |6’)

i=1




ML as a minimization of KL divergence.

Sampling approximation:

e[loga (x10)] - Siowa(s18)=~(0-0°) £ 5 ctowa(x10) [0-0)

Fisher information:

](é)EE[alogZE)xé’) GlogaQQ(TXIQ) =E|:— a@{;ZQT 10gq(x|é)j|

In the limit of large samples (infinite N), the ML estimator is unbiased and efficient.

o-N(or1(9)]
MLis ...

* Asymptotically unbiased (i.e., approaches to a true value).
* Asymptotically efficient (i.e., achieves minimum variance, CRLB).




Cramer-Rao lower bound: scalar parameter case.

Suppose a random variable X~p(x; 8), where 0 is fixed but
unknown. Assume that p(x;6) satisfies the “regularity” condition:

E{a—aelogp(x | 6’)} =0,

where the expectation is with respect to p(x;60). Then the variance
of any unbiased estimator 0 satisfies

Var[é] > ](9)

Fisher information:

1(6)

E“alogg;xe)]zl :E{— o’ loigz(xm)}




Cramer-Rao lower bound: vector case.

Suppose a random variable X~p(x|0), where 0 is fixed but
unknown. Assume that p(x|0) satisfies the “regularity” condition:

E[%logp(x | 9)} =0,

where the expectation is with respect to p(x;60). Then the variance
of any unbiased estimator O satisfies

Cov| 6 |>17"(0)

Fisher information matrix:

(1(0) =F olog p(x|0) 8logp(x|0)} :E[_ o 10gp(x|6’)}

00 00, 06,00,




Width estimation: optimal integration of vision and haptics.

ML estimation of object width from vision and haptics:

x,: visually perceived width,
X,: haptically perceived width

o,: visual uncertainty
0, : haptic uncertainty

p(xy,xy 1) = p(xy | 2) p (x| 12)
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Width estimation: optimal integration of vision and haptics.

Density functions (sensory uncertainty)
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Width estimation: optimal integration of vision and haptics.

Proportion of trials perceived as 'taller' &
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Width estimation: optimal integration of vision and haptics.
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Bayes’ theorem: mapping observation to probability density.

sample space X parameter space ©®
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Bayesian estimation: Maximum A Posteriori (MAP).
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Bayesian estimation: Mean minimum-squared error estimator.

sample space X parameter space ©
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Motion illusion as optimal percepts.

Lightest

1 CEMED

Use the left blue buttons to change the size/shape of the moving figure; use the right blue
buttons to change the color of the background. Use the yellow buttons to control the speed.

http://www.cs.huji.ac.il/~yweiss/Rhombus/rhombus.html



Motion illusion as optimal percepts.

Prior density: most of objects have small velocity (not moving).

P(vx,vy) oc exp{— 2(1)_2 (vi +v§ )z}

\%

Likelihood: Probability of observed image with given velocity (v,, v).

Lucas-Kanade image model: ](x+vat,y+vyAt,t+At) ~1(x,y,t)
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Motion illusion as optimal percepts.
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Causal inference of sensory information.
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Causal inference of sensory information.

XA ?\ e e e &
v & & & 8 Given visual (xy/) and auditory
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Kording et al. (2007) PLoS One; Kayer & Shams (2015) PLoS Biol



Causal inference of sensory information.

Bayes’ theorem:
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Causal inference of sensory information.
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Prediction, filtering and smoothing of a dynamic system.

Zyy, :{Zla"'azko}

Prediction p(Xk‘ZI:kO)

z,, :{Zla”'azk}

Filtering p(xk‘zl:k)

Z,, :{Zla”'aZT}

Smoothing p(Xk ‘ ZI:T)




Estimation of dynamic systems: Kalman filter.

Stochastic state-space model

X,,, =AX, +W,

z, =Cx, +v,

Problem: Given a sequence of measurements up to step k,
Zy; :{ZI’ Zza"'azk}a
then estimate the conditional mean

Xk = E[Xk | Zy :l :

and the conditional covariance of the state vector at step k,

Zl:k:|’

Lo = COV[Xk|Z1:k:| =E |:(Xk - &k:k)(xk — X4y )T




Kalman filter optimally integrates prediction and measurement.

X/’c—1|k—1 Prediction > Xk|k—1 Filtering > Xk|k
Zk—1|k—1 Zk|k—1 T zk|k
Z;
Prediction
k|k L =AX, k1

Lot = Azk—l|k—1AT +Q

Filtering

ﬁk|k = f‘k|k—1 +K, (Zk - Cik|k—l)
Zk\k = (I - ch) zk|k—1

Kalman gain Kk — Zk|k_1CT (C2k|k_1CT + R)_1




Kalman filter optimally integrates prediction and measurement.

ﬁk—1|k—1 Prediction . ﬁk|k—1 Filtering > ﬁk|k
Zk—1|k—1 Zk|k—1 T 2k|k
p(Xk‘Zl:k—l) p(zk‘xk) p(Xk‘lek)
posterior s,

p(xk _:




Kalman filter: Derivation.

X/’c—1|k—1 Prediction > Xk|k—1 Filtering > Xk|k
DI I T 2
. N y / N
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= ./\/‘(Xk;ﬁk|k—172k|k—1)
Filtering
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p(xk‘zlzk) = :N(Xk;f‘szkw)




Kalman filter: Derivation.

X/’c—1|k—1 Prediction > Xk|k—1 Filtering > Xk|k
Zk—1|k—1 2k|k—1 T zk|k
Z,

Lemma: When a joint density function of two variables x and y are given as

Yy Ky 2yx zyy
then conditional probability densities are given as follows:
XyNj\/’(ux_i_zxyzyy(y_u!y)’Z _zxyzyyZyX)

yx~N(uy+Z Sa(x-p),Z, -2 Z.3 )

yX© XX yX T XXXy




Matlab code of Kalman filter and smoother (1/5)

function [x, 2z, w, v] = sim statespace(m, N)

= zeros (m.dx, N);

z = zeros (m.dz, N);

w = m.sQ*randn (m.dx, N);

v = m.sR*randn(m.dz, N);

x(:,1) = m.x0 + sgrtm(m.P0) *randn (m.dx, 1);
z(:,1) = m.C*x(:,1) + v(1);

for n=1:N-1
X(:,n+l) = m.A*x(:,n) + w(:,n);
z(:,n+l) = m.C*x(:,n+l) + v(:,n+l);
end




Matlab code of Kalman filter and smoother (3/5)

function [xp, xf, Pp, Pf, K] = kalmanfiter(m, 2z)

N = size(z,2);

Xp = zeros(m.dx, N); xf = zeros(m.dx, N);

Pp = zeros(m.dx, m.dx, N); Pf = zeros(m.dx, m.dx, N);
K = zeros(m.dx, m.dz, N);

Qo

% 1nitialize:
xp(:,1) = m.x0; Pp(:,:,1) = m.PO;

~

~

~

'_\
Il

Pp(:,:,1)*m.C'/ (m.C*Pp(:,:,1)*m.C"'+m.R) ;
xf(:,1) = xp(:,1) + K(:,:,1)*(z(:,1)m.C*xp(:,1));
Pf(:,:,1) = (eye(size(m.x0,1))-K(:,:,1)*m.C)*Pp(:,:,1);
% main loop for kalman filter:
for n=1:N-1

% prediction step:
xp(:,n+l) = m.A*xf(:,n);
Po(:,:,n+tl) = m.A*Pf(:,:,n)*m.A'+m.Q;

% filtering step:

(:,:,n+l) = Pp(:,:,n+l)*m.C'/ (m.C*Pp(:, :,n+1l)*m.C'+m.R) ;
xf(:,n+l) = xp(:,n+l) + K(:,:,n+l)*(z(:,n+l)-m.C*xp(:,n+1l));
Pf(:,:,ntl) = (eye(size(m.x0,1))-K(:,:,n+l)*m.C)*Pp(:,:,n+l);

end

=




Matlab code of Kalman filter and smoother (4/5)

function [xs, Ps, G] = kalmansmoother (m)
N = size(m.xp,2);

Xs = zeros (m.dx, N);

Ps = zeros(m.dx, m.dx, N);

G = zeros(m.dx, m.dx, N);

Q

% terminal conditions:
xs(:,N) = m.xf(:,N);
Ps(:,:,N) = m.Pf(:,:,N);

G(:,:,n) = m.Pf(:,:,n)*m.A'"/m.Pp(:,:,n+l);

m.xf(:,n) + G(:,:,n)*(xs(:,n+l)-m.xp(:,n+l));
= m.Pf(:,:,n) + G(:,:,n)*(Ps(:,:,n+l) -
(:/:,n)";




Kalman filter

dt = 0.1;
gl =1

g2 = 1.;
sigmal = 0.
sigmaZ2 = 0

model.A = [1 O dt 0; 01 O dt; 0 O 1 O, 0 O O 17;

model.C = [1 0 0 0, 0 1 O 0];
model.Q = [gl*dt"3/3 0 gl*dt~2/2 0; 0 g2*dt~3/3 0
q2*dt~2/2;

gl*dt”*2/2 0 gl*dt 0; 0 g2*dt"2/2 0 g2*dt];
model.sQ = sgrtm(model.Q);
model.R = [sigmal”2 0; 0 sigma2”°2];
model.sR = sgrtm(model.R);
model.x0 = [0 O O 0]"';
model.P0 = diag([0.172 0.172 0.0172 0.01"2]);
model.dx = size (model.A,1);
model.dz = size (model.C,1);

Parameters taken from: Example 4.3, “Bayesian Filtering and Smoothing” by Sarkka




Matlab code of Kalman filter and smoother (4/5)




Kalman filter explains smooth eye pursuit movements.
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Kalman filter explains smooth eye pursuit movements.

Eye velocity S
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Kalman filter #1 for visual processing of retinal slip.
Kalman filter #2 for remembered target dynamics.

Orban de Xivry et al. (2013) J Neurosci



Kalman filter explains smooth eye pursuit movements.
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Smoothing consists of forward and backward paths.

Filtering p(Xk‘ZLk)

Z,, :{Zla”'aZT}

Smoothing p(xk‘ZI:T)

Forward path z,, ={z,---,z,}
: ¢ r

'
Y

backward path Z,,,; = {ZM,“',ZT}



Kalman smoother algorithm: RTS smoother.

Forward path: Using the standard algorithm of Kalman filter, compute the
predicted mean and covariance,

(ﬁk+l|k92k+1|k) k=0,---,T -1,

and the filtered mean and covariance,

(R Ze) k=0T,

Backward path: Then, the smoothed mean and covariance,
(%5 ) k=000,

are solved backward in time as follows:

Xpr = X T G, (Xk+1|T - Xk+l|k)

1
where G, = 2k|kAT (zk+1|k)
2k|T — Zk|k + Gk (2k+1|T - Zk+1|k ) Gi




Flash-lag effect explained by Kalman smoother.
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Attractor neural networks for ML estimation.

Dynamics of recurrent neural network

Local averaging

u, (t+1)= ) w0,(7)
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Divisive normalization (“winner-takes-all”)
u? (¢+1)
. 1)= ’
o, (1) 1+ ) u? (t+1)
J

e )

40,770

Activity

Deneve et al. (1999) Nature Neurosci



Attractor neural networks for ML estimation.

unit input: u(3)
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Neural network algorithm for maximum likelihood.

Probabilistic neural responses to stimulus s:
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Neural network algorithm for maximum likelihood.
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Jazayeri & Movshon (2006) Nature Neurosci



Neural implementation of multimodal integration

If tuning function is Gaussian with mean s; and variance g,

2
1 S—S,
fi(s)= J\/'(Si,ag) = ———¢xp =)
o,
then, the likelihood function is also Gaussian

9
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Neural implementation of multimodal integration.
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Eye movements are goal oriented.

“Trace the lines
smoothly.”

Original figures

“Count the
number of
straight lines”

Free viewing
(no instruction)

Yarbus (1967) “Eye Movements and Vision.”



Eye movements as optimal decision making

“Look for the Gabor patch in the pink-noise background.”

15°

Najemnik & Geisler (2005) Nature



Eye movements as optimal decision making

“Look for the Gabor patch in the pink-noise background.”

15°

Najemnik & Geisler (2005) Nature



Summary

* Inference from noisy measurements is formulated as a
statistical inference problem.

e Statistical inference is categorized into classical point
estimation and Bayesian probability estimation.

 Human performance in psychophysical experiments
matches the predictions of optimal estimation.

* The computation of optimal inference can be
implemented by a few neural mechanisms.
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Exercise

e \Write a Matlab code for Kalman filter and Kalman
smoothing, and examine the difference.

e Psychophysics: Smooth eye pursuit experiment using
GazeParser (http://gazeparser.sourceforge.net/).




Appendix A: Derivation of Kalman filter equations (1)

* Strategy 1.
- Compute the mean and average.
- Intuitive but a bit heuristic.

* Strategy 2.
- Use Bayes’ formula.
- Complete the square.

* Strategy 3.
- Use Bayes’ formula.
- Use the formula for conditional normal probability.




Appendix A: Derivation of Kalman filter equations (1)

* Prediction step:

X,.. =E

k+1\k

[Xk+1 | Zl:k] =E [Axk +wW, | Zl:k] = AX,,

2k = Var[xk+1 |Z1:k]

=E

=E

N N

T
(Xk+1 — Xk )(Xk+1 ~ Xpk ) m J

(A(xk —f(k|k)+wk)(A(xk —f(k|k)—|—wk)T |11sz

— AE [(xk — %, )(x, — %, )T | zkk}&T +E|w,w, |z, |

=AY, A'

K|k +Q

Xk = AXk|k

L = AZchAT +Q




Appendix A: Derivation of Kalman filter equations (1)

* Filter step:

A

Xk = E [Xk+1 | Zl:k] = Xk T K, (Zk+1 - ka+l|k)
2k+1|k+1 = Var[xk+1 | Zl:k+1]

A A T
=F |:(Xk+1 T Xk+1|k+1 ) (Xk+1 _ Xk+1|k+1 ) | Zl:k+1 j|

- (I - Kk+1C) 2k+1]k (I - Kk+1C)T + Kk+1RKz+1

0

0=L_0
2 @Kkﬂ

X =~ (I - Kk+1C) Zk+1|kCT +K,, R

1
Kk+1 — Ek+1|kCT <C2k+1|kCT + R)




Appendix A: Derivation of Kalman filter equations (1)

* Note on matrix derivatives.

(3 T\ _ a T i
, tr(KAK" ) = " %KHAMKM K %KklAlkam
=>(6.,6,,4,K,, +KyA4,0,.5, V=0 4,K, +> K, 4, =(KA" )J +(KA), =(2KA),
k,l,m m /

ﬂtr(KAKT) —2KA
oK




Appendix A: Derivation of Kalman filter equations (1)

-1

A _ -1 T —1 -1 fa T -1
Xt 1ke+1 _(Ek+1|k +CR C) <2k+1|kxk+1|k +C'R Zk+1)

~ PR
2k+1|k+1 = (Zk-ll-ﬂk +C'R IC)

(£, +CRC) £, =1-%_,C"(R+CE,,,C") C=1-K,,C

(£, +C'R'C) C'R' =%, ,C"(R+CE,,,C") =K,

~ R
Zk+l|k+1 = (Zkiuk +C'R IC)

T T\
= Zk+1lk - Zk+llkc (R + C>:‘k+llkC ) Czk”'k
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Appendix A: Derivation of Kalman filter equations (1)

* “Weighted average” expression:

SR (2;+1|k T CTR_IC) (ka Xpep T CTR_leH)

!
Zk+1|k+1 (Zkiuk +C'R 1C)

* “Innovation-correction” expression:

N

Xk+1|k+1 k+1|k + Kk+1 ( k+1 ka+l|k)

Zk+1|k+1 (I Kk+1C) k+1|k

1
Kk+1 — Zk+1|kCT (C2k+1|kCT + R)




Matrix identities

e For matrices A, B, Cand D:

AceR"™ BeR"™, CeR™,DeR™",

(A+BCD) ' =A"'~A"'B(C"'+DA"'B) DA’

A"'B(A+BCD) ' =(C"'+DA'B) DA"

e Rank-1 modification

B A—l TA—I
(A+uvT)1:A_1— u: —
I+v A u




Appendix B: Kalman filter in continuous-time dynamics

e Let us start with a discrete-time state-space model:
X,,, =AX, +W,
z, =Cx, +v,

If the matrix A is expanded for a small time step dt, the prediction
update reads as:

X, = (I + Kdt) X,

% =(1+Adt)Z,, (1+Adl) +Q=X,, +(AZ, +X,,A")dr+Q
From the covariance update, the matrix Q should be of the order of dt:
Q =Qut

then, the covariance update now becomes:

T =Zy +(AZ,, + X, AT +Q)dt




Appendix B: Kalman filter in continuous-time dynamics

* Next, consider the filter step:

Xk+1|k+1 k+1|k + Kk+1 ( k+1 CXk+1|k )

Zk+1|k+1 (I Kk+1C) k+1|k (I_Kk+lc) +Kk+1RK§+1

. Ty T Ty T T
- Zk+l|k B Kk+1czk+l|k o 2k+1|kC Kk+1 + Kk+1CZk+l|kC Kk+1 + Kk+1RKk+l

o)  o(dr) o(1) o1) 0(1) 0(1) O(dr)  O(dr) O(1) O(1) O(1) O(dr) O(dt)@(dth(dt)
OE:l’t) OE;I) (92;11‘2) OEZ#)

Hence, it is appropriate to define:

R=2
dt

In this limit, the Kalman gain is of the order of dt:

-1
R
K, =2,.,C' (Cz,mch dtj =%,.,C'Rdt+0(dt*)




Appendix B: Kalman filter in continuous-time dynamics

* The prediction equations up to the order of dt are:
X = (I+Adt)&k|k
_ —r =
T =Ly +(AZ,, +Z,,AT +Q)dr

and the filter equations up to the order of dt are:

N

X = X T K (Zk+1 - ka+l|k)

Ek+1|k+1 = Ek+1|k - Zk+l|kCTﬁ_1CZk+l|kdt

 Combining these equations and eliminating the prediction variables, the
update equations for the posterior mean and covariance are:

A 2 e Tae —1 A
Xpriger = Xppp T {Axk|k + Zk+1|kC R (Zk+1 - ka+1|k )} dt

yoin = Zg +(AZ, +Z,AT+Q-Z,,C'R'CE,, )dr




Appendix B: Kalman filter in continuous-time dynamics

e By taking the limit of infinitesimal dt
A A e T__l A
Xpriker = Xppe T {Axk|k + Zk+1|kC R (Zk+1 — ka+1|k )} dt

yoin = Zg H(AZ, +Z,,AT+Q-Z,,C'R'CE,, )d
and introducing continuous-time variables as

f((t) =X, Z(t) =X, Z(t) =z,

the equations of Kalman filter for a continuous-time system are obtained

ds:
X(7)

X(1)=AXZ(7)+X(1)A" +Q-X(7)C'R'CX(¢)

Ax(1)+X2(t)C"R™ (z(r)-Cx(¢))




Matrix formulas

e Matrix inversion lemma

(A+BCD)'=A"~A"'B(C' +DA'B) DA’

(A+BCD)(A+BCD)"
—(A+ BCD)[A—1 ~A"'B(C"'+DA"B) DA—I}
=1+BCDA" —(I+BCDA™')B(C" +DA"'B) DA (1+BCDA " )B=B(I+CDA'B)
=1+BCDA "' ~B(I+CDA'B)(C" +DA™'B) DA" | | |
B (1+CDAB)=C(C"'+DA'B)
=1+BCDA™'-BC(C"'+DA 'B)(C"'+DA'B) DA™
=I1+BCDA™'—~BCDA™
—1




Matrix formulas

e Matrix inversion lemma

-1

(A+BCD) BC=A"B(C"'+DA'B)

(A+BCD) 'BC

-~ A" (1+BCDA™) BC (I+BCDA™)B = B(1+CDA™'B)

=A'B(I+CDA'B) C (1+CDAB)=C(C"'+DA'B)

=A'B(C"'+DAB)




Recursive least squares

* Least squares problem:

1
W, =arg minZ(yk ~-wW'x, )2 = (Z xkxzj (Z ykxzj
k=1 k=1

n
W k=l

* We would like a recursive formula for n+1 when the optimal
weight vector up to n is available.

n+l1 n+1 1/
A - Z CwTe YV Z T T
W, =argmmn p |y, —W X, | = X Xy E Vi X

w k=1




Recursive least squares

* Least squares problem:

n -1 n
= 2 XX, + 2 VX + Y%,
- Xka Xn+lxn+1 ykxk yn+lxn+1
k=1 k=1

Wn+ (P +Xn+1Xn+1) (Zykxk +yn+lxn+lj
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1 << -1
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Recursive least squares

* Least squares problem:

_ T

Pl _Xlxl
_ L P'x x' P! _
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